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1. 7 a restoration of the ancient books of geometry would 


have been impossible, without the coincidence of two 
| circumstances, of which, though the one is purely. accidental, 
the other is effentially connected with the nature of the mathe- 
matical sciences. The firſt of these circumstances is the preser- 
vation of a short abstract of those books, drawn up by Paus 
ALEXANDRINUS, together with a series of such lemmata, as 
he judged useful to facilitate the study of them. The second 
is, the nece scary connection that takes place among the objects 
of every mathematical work, which, by excluding whatever is 
arbitrary, makes it pos dle to determine the whole course of an 
ine ene when only a few points in it are known. From 
B 
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the union of gs circumstances, mathematics has en Joyed. an 


| advantage of which no other branch of knowledge can partake ; 


and while the critic or the historian has only been able to lament 
the fate of those books of Livy and Tacitus which are lost, 


the geometer has had the high satisfaction to behold the works of 


aa and APOLLON1Us reviving under his hands, 
The first restorers of the ancient books were not, how- 
ever, aware of the full extent of the work which they had 


\ undertaken. They thought | it sufficient to demonſtrate the pro- 
positions, which they knew from Parpus, to have been con- 
tained in those books; but they did not follow the · ancient method 


of investigation, and few of them appear to have had any idea 
of che elegant and simple analysis by which these propositions 
were originally discovered, and by which the Greek Geometry 
was peculiarly distinguished. 


Among these few, 'FERMAT and HALLEY are to be parti: 


cularly remarked. The former, one of the greatest mathema- 


_ ticians of the Jast age, and a man in all respects'of superiqr 


abilities, had very just notions of the geometrical analysis, and 
appears often abundantly skilful in the use of it; yet in his resto- 
Tation of the Loci Plant, it is remarkable, chat in the most diffi. 
cult, propositions, he lays aside the analytical method, and con- 


tents himself with giving the synthetical demonstration. The 
latter, among the great number and variety of his literary occu- 


pations, found time for a most attentive study of the ancient 


mathematicians, and was an instance of, what experience chews 
to be much rarer than might be expected, 'a man equally well 


acquainted with the ancient and- the modern geometry, and 
equally disposed to do justice to the merit of both, He restored 


he books of APOLLONIUS, on the problem De Sectione Spal, 
1. to the true principles of the ancient analysis. . 


These books, however, are but Short, so that the first restors- 


tion of 'considerable extent that can be Kelohdl "complete, is 


that of the Loci Plani by Dr. Stusox, published i in 1749, 
Which, if it differs at all from the work it is intended to replace, 


seems to do so only by its greater excellence. This much at 
least is certain, that the method of the ancient geometers does 


not appear to greater advantage in the most entire of their 


writings, than in the restoration above mentioned; and that Dr. 
S$1MSON has often sacfificed the elegance to which his own 
analysis would have led, in order to tread more exactly in what 
the /emmata of Pappus pointed out to N as the track which 
APOLLONIUS had pursued. 


g. There was another subject, that of pas the most 
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intricate and enigmatical of any thing in the ancient geometry, 


which was still reserved to exercise the genius of Dr, Siusox, 


and to call forth that enthusiastic admiration of antiquity, and 
that unwearied perseverance in research, for which he was 80 
peculiarly distinguished. A treatise in three books, which 
 Everr»: had composed on Porisms, was lost, and all that re- 


mained concerning them was an abstract of that treatise, inserted 
by Pars ALEXANDRINUS, in his Mathematical Collections, 


in which, had it been entire, the geometers of later times would 


doubtless have found wherewithal to console themselves for the 
oss of the original work, But unfortunately it has suffered $0 


much from the injuries of time, that all which we can inne- 


diately learn from it is, that the Ancients put a high value on 
the propoxitions which they called Porisms, and regarded them 


as a very important part of their analysis. The Porisms of 


EvcL1D are said to be, Collectio artificiosissima multarum 


rerum quæ spectant ad analysin difficiliorum et generalium pro- 


blematum.*” The curiosity, however, which is excited by this 


encomium is quickly disappointed; for when Parr us proceeds 


- * Collectiones Math, lib, vii. in init. 
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to explain what a Porism is, be lays down two definitions of 
it,, ove of which is rejected by bim as imperfect, while the 
other, which is stated as correct, is too vague and indefinite to 
gonvey any useful information. _ 

These defects might nevertheless have been supplied. if the 
enumeration which he next gives of EucLtn's Propoxitions had 
been entire; but on account of the extreme brevity of his enun· 
ciations, and their reference to a diagram which is lost, and for 
the constructing of which no directions are given, they are all, 
except one, perfectly unintelligible. For these reasons, the 
fragment in question is so obscure, that even to the learning and 
penetration of Dr. HALLEY it seemed impossible that it could 
ever be explained ; and he therefore concluded, after giving the 
Greek text with all possible correctness, and adding the Latin 
translation. Hactenus Porismatum descriptio nec mihi intel. 
Jecta, nec lectori profutura. Neque aliter fieri potuit, tam, 
*. oþ. deſectum achemais cujus ft mentio, qm o, 

„ quizdam, et transposita, vel aliter vitiata in propogitionis 
« generalis expositione, unde quid sibi velit Parrus baud mihi 
datum ext conjicere. His adde dictignis modum nimis con- 
7 0 c in re N. . 
«8 um“. : 
4+ Jen true, howeyer, that before this time, FERMAT had. 
attempted to explain the nature of Porizms, and not altogether 
without Sugecess,t} Guiding his conjectures by the definition 
which Parrus cengures as imperfect, because it defined 
Porisms only. ab accidente, vis. Porisma est quod deficit 
_ * hypotheſi a Theoremate Localj,” be formed to himself he 
nnn rated his 


„De xectione rajoajs, procm. p. 2. 
- + © Porismatum E©CLiID&ORUM = 2 ere 


exhibita.“ FERMAT Opera Varia, p. Io 


% 
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general description by examples that are in effect Porisms. But 

he was able to proceed no farther; and he neither proved, that N 

his notion of a Porizm was the same with Eucrip's, nor % 

attempted to restore, or explain any one of EUCL1D's propo- 0 

sitions; much less did he suppose, that they were to be inves- \ 

tigated by an analysis peculiar to themselves. And s imperfect | 

indeed was this attempt, that the complete restoration of the. 

Porisms was necessary to * enen e ap- 

proximated to the truth. | 

5- All this did not, however, deter Dr. 8 from 

turning his thoughts to the same subject, which he appears to 

have done very early, and long * the 9 of the 

Loci Plam in 1749. ; 
The account he . | 

he encountered, will be always interesting to mathematicians. 

Fostquam vero apud PAPPUM legeram, Porismata EucLiinie 

* collectionem fuisse artificiosissimam multarum rerum, qua 

** spectant ad analysin difficiliorum et generalium problematum, | 

** magno desiderio tenebar, aliquid de iis cognoscendi ; quare | 

« s pius et multis variisque viis tum Payer propositionem 

« generalem, mancam et imperfectam, tum primum lib. i. 

«+« Porisma, quod solum ex omnibus in tribus libris integrum 

1 „ bus manet, intelligere et restituere conabar ; frustra tamen, 

* nihil enim proficiebam. Cumque cogitationes de hac re mul- 8 „ 

tum mihi temporis consumpserint, atque molestæ admodum \ i] 

** evaserint, firmiter animum induxi hæc nunquam in posterum 1 

10 investigare; præsertim cum optimus geometra HALLELUS,, 2 

« gpem omnem de iis intelligendis abjecisset. Unde quoties 

«© ment1 occurrebant, toties eas apcebam. Postea tamen accidit, 

ut improvidum et propoxiti immemorem invaserint, meque | | 
* detinuerint donec tandem lux quædam effulzerit, quæ pem 1 

mihi faciebat inveniendi saltem PAPP1 propositionem gene- 


6 on THR one rn 


© ralem, quam quidem multa investigatione tandem restitui. 
„ Hzc/ autem paulo'post una cum Porismate primo lib. i. im- 
* pressa est inter Transactiones Phil. anni 1729; num; 177. 

The propositions mentioned, as inserted in the Philosophical 
Transactions for 172, are all that Dr. Si uso x published on the 
subject of Porisms during his life, though he continued his 
investigations concerning them, and succeeded in restoring a 
great number of EucL1D's! propositions, together with their 
analysis. The propositions thus restored form a part of that 
valuable edition of the posthumous works of this geometer 
which the mathematical world owes to the — of the 
late Earl STANHOPE, © 


6. The subject of Porienis i is not, boerse Wbalbtsd. nor is 
It yet placed i in so clear a light as to need no farther illustration. 
It yet remains to enquire into the probable origin of chese pro- 
positions, that is to say, into che steps by which the ancient or. 
meters err to have been led to che discovery of them. 
It remains also to point out the relations 1 in which h stand 
to the other classes of geometrical truths; to consider the Species 
of. analysis, whether geometrical or algebraical, "that belongs to 


them; and, if possible, to assign the reason why they have 50 


long escaped the notice of modern mathematic ans, It is to 
these points that the following observations are Ehiefly + directed. 


7 I begin with deseribing the steps that appear to, have led 


the ancient geometers to the discovery of Porisms ; and must 


here supply the want of express testimony by probable reason - 
ings, such as are necessary, whenever we would trace remote 
Aiscoveries to their sources, and which have more weight in | 


mathematics than | in any other of the sciences. | 


* Rob. Simson, Op. EN p. 319. . 


: 


* 
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5. It cannot be doubted, that it has been the solution of pro- 


blems, which, in all states of the mathematical sciences, has led 
to the discovery of most geometrical truths. The first mathe- 
matical enquiries, in particular, must have occurred in the form 
of questions, where. something was given, and something re- 
quired to be done; and by the reasonings necessary to answer 
these questions, or to discover the relation between the things 
that were given, and those that were to be found, many truths 
were suggested, which: came after wards to be the subjects of 
separate demonstration. The number of these was the greater, 
that the ancient geometers always undertook the solution of 


problems with a scrupulous and minute attention, which would 


scarcely' suffer any of the collateral truths to escape their obser- 
vation. We know from the examples which they have left us, 
that they never considered a problem as resolved, till they had 
distinguished all its varieties, and evolved separately every dif. 
ferent case that could occur, carefully remarking whatever 
change might arise in the construction, from any change that 
Was supposed to take FP among the Wagon which were 
given. | 

Now, as this cautious aided of OY was not better 
calculated to avoid error, than to lay hold of every truth that 
was connected with the main object of enquiry, these geometers 
soon observed, that there were many problems which, in certain 
circumstances, would admit of no solution whatever: and that 


the general construction by which they were resolved would 


fail, in consequence of a particular relation being n 
among the quantities which were given. 1 

Such problems were then said to become impossible; and it 
was readily perceived, that this always happened, when one of 
the conditions prescribed was inconsistent with the rest, 30 
that the supposition of their being united in the same gubject, 
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involved a eontradietion. Thus, when it was required to divide 
4 given line, so that the rectangle under its segment, should be 
equal to a given space, it was evident, that if this space was 


| greater than the square of half the given line, the thing required 


could not possibly be done; the two conditions, the one deſining 
the magnitude of the line, and the other that of the rectangle 


undet its segments, being then inconsistent with one another. 


Hence an infinity of beautiful propositions concerning the 
maxima and the minima of quantities, or the limits of the pos- 
sible relations which quantities may stand in to one another. 

8. Such cases as these would occur even in the solution of the 
zimplest problems; but when geometers proceeded to the ana- 
lysis of such as were more complicated, they must have re- 
marked, that their constructions would sometimes fail, for a 
reason directly contrary to that which has now been assigned. 
Instances would be found where the lines that, by their inter. 
2ection, were to, determine the thing sought, instead of inter- 
secting one another, as they did in general, or of hot meeting 
at all, as in the above-mentioned” case of impossibility, would 
coincide with one another entirely, and leave the question of 
consequence unresolved, But though this circumstance must 


first observed it, as being perhaps the only instance in which 
the language of their own science had yet appeared to them am- 
biguous or obscure, it would not probably be long till they 
found out the true interpretation to be put on it. Aſter a little 
reflection, they would conclude, that since, in the general pro- 
blem, the magnitude required was determined by the intersec- 
tion of the two lines above mentioned, that is to say, by the 
points common to them both; 80; in the case of theit coinci- 
dence, as all their points were in common, every dne of these 
points must afford a solution; which solutions therefore must be 
infinite in number; and also, though infinite in number, they 


have created considerable embarrassment to the geometers who 
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must all be related to one another, and to the things given, by 
certain laws, which the position = the to. Fc lines 
must necessarily determine; a bas 
On enquiring farther into the pebatiatiy'4 in the state of the 
data which had produced this unexpected result, it might like- 
wise be remarked, that the whole proceeded from one of the 
conditions of the problem involving another, or necessarily in- 
cluding it; so that they both together made in fact but obe, 
and did not leave a sufficient number of independent conditions, 
to confine the problem to a single solution, or to any determinate 
number of solutions. It was not difficult afterwards to per- 
ceive, that these cases of problems formed very curious propo- 
sitions, of an intermediate nature between problems and theo- 
rems, and that they admitted of being enunciated separately, in 
4 manner peculiarly elegant and concise. It was to such propo- 
sitions, so enunciated, that the ancient rag en e 
of Porisms. | 9 
9. This Sabie eter to be illustrated by examples. 


Suppose therefore it is propòôsed to resolve the following pro- 


-...PROP. I. PROB. Fig. 12. Pl. 


4 circle ABC, a nomads es DE, and a Point F, 2 
given in position, to find a point G in the straight line DE, 
such that GF, the line drawn from it to the given point, shall 
be equal to GB, the line drawn from it touching the given 
circle. 72 5 

Suppose che point G to 1 found, ond GB to be drawn 
touching the circle ABC in B; let H be the centre of the 
circle ABC; join HB, and let HD be perpendicular to DE ; 
from D draw. DL, touching the circle ABC in L, and join 
HL. Also from the centre G, with the distance GB or GF, 

0 | 


175 GB be drawn 1011 it, touching the cirele A BC, and GF 


| to t 
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| yon * circle: BK F. meeting H) in the points K and K“. 

It is plain, that the lines HD and DL are given in position 
and in magnitude. Also, because GB touches the circle ABC, 
HB is a right angle; and since G is the centre of the circle 


BRF, therefore HB touches the circle BK F, and consequent]y 
the square of HB, or of HL, is equal to the rectangle K HK. 
But the rectangle K'HK, together with the square of DK, 1 


| equal to the $quare of DH, because KK is bisected | in'D 


therefore the squares of HL and DK are also equal to the square 


of DH. But the squares of HL, and LD. are equal to the 
same square of DH; wherefore the square of DK is equal to 


the square of DL, and the line DK to DL, But DL is given in 
magnitude; therefore DK is given in magnitude, and K is 


therefore a given point. For the same reason, K', is a given 
point, and the point F being also given by hypothesis, the 
circle BK F is given in position. The point & therefore, the 


centre of the circle BK F is given, which was to be found. 


Hence this construction: Having drawn HD perpendicular 
10 DE, and DL. touching the circle ABC, make DC and DR 


each equal to DL, and find G the centre of a circle described 


through the points K, F and K“; that is, let FK be Joined, and 


bisected at right angles by the line MN, which meets DE in 


G.; G will. be the point required, or it will be such a point, 


e given point, GB and GF will be equal to one another. * 
Tue ynthetical demonttration needs not be added; but it is 


necessary to remark, that there are cases in which this construc- 


tion jails altogether. . 


* For, ks, if che given point F be any „eien in the tine HD, 


uy 


us at P, it is + Evident, that MN becomes parallel. 0 DE, and 
18 A FJ 16117 | " 9 Al *. 5 6. A 1 1 10 b 


7 


This 3 £ the kan was cuggested ome Pak 105 160, 


.a4Q 5 more simplę than that Which I had originally given. 
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mann Or W | on ” 
1d K“ 25 
sition hat the point G is no where to be found, or, in other words, | 
at an infinite distance from D. 


N This is true in general; but ic the given- point F coincide 

ventlyif ith K, then the line MN evidently coincides, with DE; o . 

„Hk. What, agreeably to a remark already made, every point of the l 
K, i ine DE may be taken for G, and will satisfy che conditions of 

u D; Hie problem; that is to say, GB will be equal to ck. wherever. 


point G be taken in the line AE, The game is N F 
oincide with K“. | 
This is exsily d. Jemonatemed ae for if G be any | - 
zoint whatsoever in the line DE, from which GB is drawn 
duching the circle ABC; if DK and DK“ be each made 
r to DL; and if a circle be described through the points 
„K and K“; then, since the rectangle KHK“, together with 
be square of DK, that. is, of DL, is equal to the square of 
DH, chat is, to the squares of DL and LH, the rectangle KHK', 
s equal to the square of HB, so that HB touches the circle 
BKK'.' But BG is at right angles to HB; therefore the centre 
the cirele BKK“ is in the line BG ; and it is also i in the line 
DE ; therefore G iche centre of the circle BKK, and GB 
s equal to &. I $14-4t 
Thus we have an instance of a ls 7 that too a very 
imple one, which is in general determinate, admitting only of. 
ne solution, but which nevertheless, in one particular case, 
here a certain relation takes place among the things given, 
decomes indefinite, and admits of innumerable solutions. The 
proposition which results from this case of the problem is a 
Porism, according to the remarks that were made above; and 
effect will be found to coincide with the 66th proposition in 
Dr. S1M8ON's restoration. It may be thus enunciated: A cir- 
le ABC being given in position, and also a straight line DE, 
hich does not cut the circle, a point K may be found, such 
C 2 
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that if G be any point whatever in the line ED, the straight 
line drawn from G to the point K, shall be equal to the 79 
line drawn from G, touching the circle ABC.” | 

10. The following Porism is also derived in the ame manner 
from the solution of a very simple —— : : 


"ROE: IT. PROB, Fig. 23, Pt. v. 


A aids "ABC being given, and also a point D, to draw in 
through D a straight line DG, such, that, perpendiculars being pe 
drawn to it from the three angles of the triangles, viz. AE, ar 
BG, CF, the sum of the two perpendiculars on the same side Pe 
of DG, shall be equal to the remaining perpendiculars: or, $1 
that AE and' BG together, may be equat to CF. © 

Suppose it done: Bisect AB in H, join CH, and draw HK 
N DG. 

Because AB is binected in . Ka eie eben 
BG are together double of HK: and as they are also equal to 
CF by hypothesis, CF must be double of HK; and CL of 
LH. Now, CH is given in position, and magnitude; therefore 
the point L is given; and the point P being also given, the line 
DL 1 is given in position, which was to be found. 

The construction was obvious. Bisect AB in H, join cn, 
and take HL equal to one third of CH; GS 
joins the points D and L is the line required, ek 

Now, it is plain, that while the triangle ABC 8 
same, the point L also remains the same, wherever the point 
D may be. The point D may therefore coincide with L; and 
when this happens, the position of the line to be drawn is left 
undetermined; that is to say, any line whatever drawn through 
L will satisfy the conditions of the problem, Here therefore 
| we have another indefinite case of-a problem, and of cone. * 
quence another Porism, which may be thus enunciated; * AG © 


S 
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3 being given in position, a point in it may be found, 
such, that any straight line whatever being drawn through that 
point, the perpendiculars drawn to this straight line from the 
two angles of the triangle which are on one side of it, will be 
together equal to the perpendicular that is drawn to the * 


line from the angle on the other side of it.“ 


11. This Porism may be made much more general ; bor it, 
instead of the angles of a triangle, we suppose ever $0 many 
points to be given in a plane, a point may be found such, that 
any straight line being drawn through it, the sum of all the per- 
pendiculars that fall on that line from the given points on one 


side of it, is equal to the sum of the perpendiculars that fall on 
it from all the points on the other side of it. 


Or still more generally, any number of points being given 
not in the same plane, a point may be found, through which if 
any plane be supposed to pass, the sum of all the perpendicu 
which fall on that plane from the points on one side of it, is 
equal to the sum of all the perpendiculars that fall on the same 
plane from the points on the other side of it. It is unnecessary 
to observe, that the point to be found in these propositions, is 
no other than the centre of gravity of the given points; and 


khat therefore we have here an example of a Porism very well 
known to the modern geometers, OO not. * by 


them from other theorems. 


12. The problem which follows pcm to have led to the 
bi of more than one Pann, 


PROP, w. PROB. Fig. 24, a ny 


| A circle ABC, £49 two points D and E a diam er of it 
being given, to find a point F in the circumference of the given 
circle, from which, if straight lines be drawn to che given 
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points 'E-and'D, these straight lines Shall mo_ to one another 
| ho gern wie of a to 8. | 
| Suppose the problem resolved, and that Fi is bps 80 that 
FE has to FD the given ratio of a to g. Produce EF any how 
to B, bisect the angle EFD ** the line FL, and the n DFB 
by the line FM. | 
Ihen, because the angle EFD is Wthed by FL, F L is to 
LD as EF to FD, that is in a given ratio; and as Eb is given, 
each of the segments EL, LD, is given, and also the point L. 
Again, because the angle DFB is bisected by FM, EM is to 
MD as EF to FD, that is, in a given ratio; and therefore Since, 
ED is given, EM, MD, are —_ iv: and likewise the Rom 
M. 


But because the 15 1 LFD is half of the Gigs EFD, 604 
the angle DFM half of the angle DFB, the two angles LFD, 
DFM, are equal to the half of two right angles, that is, to a 
right angle. The angle LFM being therefore a right angle, and 
the points L and M being given, the point F is in the circum- 
ference of a circle described on the diameter LM, and conse- 
quently given in position. | 
Now, the point F is also in the ircutalerence as the. given. 
circle ABC; it is therefore in the intersection os two m—_ 
circumferences, and therefore is found. vid 
Hence this construction : Divide ED in Ly so that EL may 
be to LD in the given ratio of à to g; and produce ED also to 
M, so that EM may be to MD in the same given ratio of à to g. 
Bisect LM in N, and from the centre N, with the distance 
NL, describe the semicircle LFM, and the point F in which it 
intersects the circle ABC, is the point required, or that from 
which TE, _ FD are to be drawn. | | WT | 
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The eynthetical demonstration follows 80 way from the Oy. 
ceding analysis, that it is not necessary to be adde. 
It mußt, however, be remarked; that the construction bail 
when the circle LFM falls either | wholly without, or wholly 
within the circle ABC, so that the circumferences do not inter- 


 $6ct; and in these cases the solution is impossible. It is plain 


also, that in another case the construction will fail, nz. when 


it so happens that the circumference LF M wholly coincides 


with the circumference ABC. Inchis case, it is farther evident, 


that every point in the circumſerence ABC will answer the 
conditions of the problem, which therefore admits of innu- 
merable solutions, and may, as in the gat {pe nee, be 
converted into a Porism. et Rohan air! ; T | 
1g. We are therefore to enquire; in what circumstances the 
point L may coincide with the point A, and the point M with 
the point C, and of consequence the nen * a 
the circumference ABC. 

On the supposition that they coluchle; EA is to AD, Ions 
also EC to CD, as to g; and therefore EA is to EC as AD to 
CD, or, by conversion, EA to AC as AD to the excess of, CD 
above AD, or to twice DO, O being the centre of the circle 


— 4 


ABC. Therefore also, EA is to A0, or the half of AC, as 


AD to DO, and EA together with AO to AO, as AD together 
with DO to DO; that is, EO to AO as A0 —_— and $0 
on rectangle EO-OD equal to the guare of AO. þ 
Hence, if the situation of the points E and D (Fig: 25 
Pl. v.) in respect of the circle ABC, be such, that the at 
EO-OD-is equal to the square of AO, the semidiameter of the 


circle; and if, at the same time, the given ratio of à to g be 


the same with that of EA to AD, or of EC to CD, the problem 
admits of innumerable solutions; and as it is manifest, that if 


the circle ABC, and one of the points D or E be given the 


; > $770) Fare ö Y - . „ 
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other point, and aleo the ratid. which i is 3 to render the * 
problem indefinite, may be found, therefore we have this Porism bat 
* A circle ABC being given, and alſo à point D, a point , 
E may be found, such that the two lines  inflected from 
these points to any point whatever in the circumference ABC, 
shall have to one another a nn * — * 1908 
found.” 

This retten is the: bt in * treatise De Poriatoatibus 
where Dr. S1MsON gives it, not as one of EUCL1D's. propo- 
sitions, but as an illustration of his own definition. It answers 
equally well for the purpose I have here in view, the explaining 
the origin of Porisms ; and I have been the more willing to dia 
introduce it, that it has afforded me an opportunity of giving 2 
what seems to be the simplest investigation of the second pro- of 
position in the second book of the Loci Plam, by proving, as dit 
has been done above, that on the hypothesis of that proposition Po 
LF (Fig. 24, Pt. "OR is a 8 e — ey _ diti 
points, be 
14. Hence als an ann ak be wer ob: Sia fro 
from one another. For the circle ABC, and the points E and AE 
D, remaining as in the last construction, (Fig. 25, Pl. v.) if the 
through D we draw any line whatever HDB, meeting the circle all 
in B and H, and if the lines EB, EH be also drawn, these 
lines will cut off equal circumferences BF and HG. Let FC 
be drawn, and it is plain from the foregoing- analysis, that the | 
angles DFC, CFB are equal! Therefore if OG, OB be ang 
drawn, the angles BOC, COG are equal, and conſequently the of 
angles DOB, DOG. In the same manner, by joining AB, tha 
the angle DBE being bisected by BA, it is evident, that the 18 


q 


angle AOF is equal to the angle AO H, and therefore the 5 
angle FOB to the angle HOG, dhot.t is, the arch F to the arch 4 
HG. thr 


Now, it is als, that if Ke circle ABC, = one g of the 
points D or E be given, the other point may be found ; there- 


* 
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fore we have this porism, which appears to have been the last 

hut one in the third book of Euciiy's Porisms . 

„A point being given, either without or within a e een 

in position, il there be drawn, any how through that point, a 

line cutting the circle in two points ; another point may be found, 

such, that if two lines be drawn from it to the points, in which 

the line already drawn cuts the circle, these two lines will cut 

off from the circle equal cireumferences.” 

There are other Porisms that may be deduced ſrom th same 

original problem, (5 12.) all connected, as many remarkable 

properties of the circle we, with the n. Moncton of the 

diameter. 

15+ The preceding propogition also affords a good lon 

of the general remark that was made above, concerning the con- 

ditions of a problem being involved in one another, in the 

Porismatic,- or indefinite case. Thus, several independent con- 

ditions are here laid down, by help of which the problem is to 

be resolved: Two points D and E are given, (Fig. 24, Pl. V.) | 
from which two lines are to be inflected, and a circumference | 
ABC, in which these lines are to meet, as also a ratio, which 
they are to have to one another. F Now, these conditions are 
all independent of each other, so that any one of them may be 
changed, without any change whatever in the rest. This at 
least is true in general; but nevertheless in any one case, v22. 
when the given points are so related to one another, that the rect- 
angle under their distances from the centre, is equal to the square 
of the radius of the circle. it follows from the foregoing analysis, | 
that the ratio which the inflected lines are to have to one another, 
is no longer a matter of choice, but is a necessary consequence 


Stursox De Porismatibus, Prop. gg. hο 
+ The given points, and the centre of the given circle, are ted, 


22 throughout, to be in the zame straight line. 
the D 
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of this disposition of the points. For if any other ratio were 
now assigned than that of AO to OD, or, which is the ſame, 
of EA to AD, it would easily be shewn, that no lines; having 
that ratio could be inflected from the points E and D, to any 
point in the circle ABC. Two of the conditions are there- 
fore reduced into one; and hence it is that the problem is in- 
definite. ; D 
16. From this account of the origin of Porisms, it follows, that 
a Porism may be defined, A proposition affirming the possibility 
of finding guch conditions as will render a certain problem inde- 
terminate, or capable of innumerable ſolutions. 

To this definition, the different characters which Pxprous 
has given will apply without difficulty. The propositions de- 
scribed in it like those which he mentions, are, strictly speaking, 
neither theorems nor problems, but of an intermediate nature 
between both ; for they neither simply enunciate a truth to be 
demonstrated, nor propose a question to be solved: but are 
affirmations of a truth, in which the determination of an un- 
known quantity is involved. In as far therefore as they assert, 
that a certain problem may become indeterminate, they are of 


the nature of theorems ; and in as far as they seek to discover 


the conditions by which that 1s s brought about, 7 are of the 
nature of problems. 

17. In the preceding definition also, and the instances from 
which it is deduced, we may trace that imperfect description of 
Porisms which Paros ascribes to the later geometers, viz. 
fPorisma est quod deficit hypothesi a theoremate locali.” Now, 
to understand this, it must be observed, that if we take the 
converse of one of the propositions called Loci, and make the 
construction of the figure a part of the hypothesis, we have 
what was called by the ancients a Local Theorem. And again, 
if, in enunciating this theorem, that part of the hypothesis which 
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contains the construction be suppressed, the proposition arising 
thence will be a Porism; for it will enunciate a truth, and will 

also require, to the full understanding and investigation of that 

truth, that something should be found, 222. the circumstance in 

the construction, supposed to be omitted. 

Thus when we say; If from two given deine E and D 

(Fig. 25, Pl. v.), two lines EF and FD are inflected to a third 

point F, so as to be to one another in a given ratio, the point 

F is in the circumference of a circle given in position: we have 
a Locus. 

But when e it is raid; If a Circle ABC, of which 
the centre is O, be given in position, as also a point E, and if 
D be taken in the line EO, so that the rectangle EO, OD be 
equal to the square of AO, the semidiameter of the circle; and 
if from E and D, the lines EF and DF be inflected to any point 


whatever in the circumference ABC; the ratio of EF to DF 


will be a given ratio, and the same with that of EA to AD; 


we have a local theorem. | 
And, lastly, when it is said; If a circle ABC be given in 


position, and also a point E, a point D may be found, such, 
that if the two lines EF and FD be inflected from E and D to 
any point whatever F, in the circumference, these lines shall 
have a given ratio to one another; che proposition becomes a 


| en. and is the same that has been just investigated. 


Here it is evident, that the local theorem is changed into a 
Porism, by leaving out what relates to the determination of the 
point D, and of the given ratio. But though all propositions 


formed in this way, from the conversion of Locz, be Porisms, 
yet all Porisms are not formed from the conversion of Loci. 


The first and second of the preceding, for instance, cannot by | 

conversion be changed into Loci; and therefore the definition 

which describes all Porisms as being so convertible, is not suffi- 
9 
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ciently comprehensive. FErRMAT's idea of Porisms, as has 
been already observed, was founded wholly on this — 
and therefore could not fail to be imperfect. 

18.” It appears, therefore, that the definition of Porisms given 
above (HG 16.) agrees with Parrus's idea of these propositions, 
as far at least as can be collected from the imperfect fragments 
which contain his general description of them, It agrees also 


with Dr. S1M$s0N's definition, which is this “: Porisma est 


propositio in qua proponitur demonstrare rem aliquam, vel plures 
datas esse, cui, vel quibus, ut et cuilibet ex rebus innumeris, 
non quidem datis, sed quæ ad ea quæ data sunt eandem habent 
relationem, convenire ostendendum est affectionem quandam 
communem in propositione descriptam.“ 

It cannot be denied, that there is a considerable FRETS of 
obscurity in this definition , notwithstanding of which it is cer- 
tain, that every proposition to which it applies must contain 2 
problematical part, viz. in qua proponitur demonstrare rem 
aliquam, vel plures datas esse,“ and also a theoretical part, which 


contains the property, or communis afectio, affirmed of certain 


things which have been previously described. 


* Siusox's Opera Reliqua, p. geg. 

The following translation will perhaps be found to e some of che ob- 
scurity complained of. 

% A POR15Y is a proposition, in which it is proposed to demonstrate, that 
one or more things are given, between which and every one of innumerable other 
things, not given, but assumed according to a given law, n de- 
scribed in the proposition, is to be shewn to take place,” + 

It may be proper to remark, chat there is an ambiguity in the word given, 
as used here and on many other occasions, where it denotes. indifferently things 
that are both determinate and &noron, and things that, though determinate, are 
unknow?, provided they can be fonnd. This holds as to the first application of 
the term in the above definition; from which however no inconveniency arises, 
when the reader is apprised of it. In the course of this paper, I have endeavoured, 
as much as possible, to avoid the like ambiguity. 


Tar." 
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It is also evident, that the subject of every such proposition, 
is the relation between magnitudes of three different kinds ; 
determinate magnitudes which are given; determinate magni- 
tndes which are to be found; and indeterminate magnitudes 
which, though unlimited in number, are connected with the 
others by some common property. Now, these are exactly the 
conditions contained in the definitions that have been given 

19. To confirm the truth of this theory of the origin of 
Porisms, or at least the justness of the notions founded on it, 
I must add a quotation from an essay on the same subject, by a 
member of this society, the extent and correctness of whose 
views make every coincidence with his opinions peculiarly flat 
tering. In a paper read several years ago before the Philosophi- 
cal Society, Professor DUGALD STEWART defined a Porism 
to be A proposition affirming the possibility of finding one or 
more of the conditions of an indeterminate theorem.“ Where, 
by an indeterminate theorem, as he had previously explained it, 
is meant one which expresses a relation between certain quan- 
tities that are determinate and certain others that are indetermi- 
nate, both in magnitude and in number. The near agreement 
of this with the definition and explanations which have been 
given above, is too obvious to require to be pointed out; and 
I have only to observe, that it was not long after the publication 
of Siutso 's posthumous works, when, being both of us occu- 
pied in speculations concerning Porisms, we were led separately 
to the conclusions which I have now stated. * 


In an enquiry into the origin of Porisms, the etymology of the term ought not 
to be forgotten. The question indeed is not about the derivation of the word Ilogioma, 
for concerning that there is no doubt; but about the reason why this term was applied 
to the class of propositions above described. Two opinions may be formed on this 
Subject, and each of them with considerable probability : . One of the significa- 


-* 
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20. We might next proceed to consider the particulat Porizms 
| Which Dr. S1M$SON has restored, and to shew, that every one 


* 


ane Dope, the thing obtained ar 
gained. 
Accordingly, ScaruLa says, Ei vor a geometris dezumpta qui theorema alu 
ex demonstrative tyllogirms neces:ario sequens inferentes, illud quasi lucrari dicuntur, 
quod non ex profess> quidem theorematis hujus instituta «it demonstratio, ted tamer 
- ex demonitratis recte sequatur., In this senſe EvucLip uses the werd 
in his Elements of Geometry, where, he calls the corollaries of his proposition, 
Porimmata. This circumstance creates a presumption, that when the word was applied 
to a particular class of propositions, it was meant, in both cases, to convey nearly 
the same idea, as it is not at all probable, that so correct a writer as EucL1DÞ, and & 
scrupulous in his use of words, should employ the same term to express two ideas 
which are perfectly different. May we not therefore conjecture, that these proposi- 
tions got the name of Porisms, entirely with a reference to their origin. According 
to the idea explained above, they would 'in general occur to mathematicians when 
engaged in the solution of the more difficult problems, and would arise from those 
particular cases, where one of the conditions of the data involved in it some one of 
the rest. Thus a particular kind of theorem would be obtained, following as a corollary 
from the solution of the problem: and to this theorem the term TTogiouea might be 
very properly applied, since, in the wards of SCaPULA, already quoted, Nor ex 
prefeſſo theorematis hujus instituta zit demenstratic, ved tamen ex demonstratis rect: 
Sequatur. | 111 | 
2do. But though this interpretation agrees so well with the supposed origin of 
Porisms, it is not free from difficulty. The verb wogiQ has another signification, 
to find out, to diſcover, to deviſe ; and is used in this sense by Paepvus, when he says 
that the propos itions called Porisms, afford great delight, rolg dw og x8; may | 
wogitun, to theſe who are able te underfland and 10vesTIGATE. Hence come: probl 
T0810 mor, the act of fruding out or diſcovering, and from wogiowes, in this sense, tte Poris: 
same author evidently considers IIe, as being derived. His words are, Ears 
de (4 cat) Tlogioma tivaire mwooreuvopnvey rig IIe iomor avre Doorfiy9 ave, t 
' Ancients ſaid, that a Poriſm is ſomething propoſed for the FIXDING our, er 18 ther, 
COVERING of the wery thing propoſed. It Seems singular, however, that Porism the si 
should have taken their name from a circumstance common to them with $0 man latter. 
other geometrical truths ; and if this was really the case, it must have been on accour Th 
vf the enigmatical form of their enunciations, which required, that in the analysis o. 
these propositions, a sort of double discovery should be made, not only of the Truth mn owe 
but also of the Meaning of the very thing which cb propoſed. They may there for detern 
dave been called Pein, or inveſtigations, by way of eminence. 
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uns Jof them is the indeterminate case of some problem. But of 
one this it is 50 easy for any one, who has attended to the preceding 
WW remarks, to satisfy himself, by barely examining the enunciations 

„of chose propositions, that the detail into which it would lead 
seems to be unnecessary. I shall therefore go on to make some 
observations on that kind of analysis which is (en adapted 
tame: to the investigation of Porisms. 

ver If the idea which we have given of these propositions be just, 
icon, I it follows, that they are always to be discovered by considering 
oY the cases in which the construction of a problem fails in conse- 
nearly 

and i quence of the lines which, by their intersection, or the points 
-o idea: which, by their position, were to determine the magnitude re- 
apo. ¶ quired, happening to coincide with one another. A Porism may 
Den therefore be deduced from the problem it belongs to, in the same 
n thos: manner that the propositions concerning the maxima and minima 
one of of quantities are deduced from the problems of which they form 
corollary the limitations; and such no doubt is the most natural and 
_ most obyious analysis of which this class of propositions will 

admit. 

It is not, however, the only one that they will admit of ; and 
origin off there are good reasons for wishing to be provided with another, 
by means of which, a Porism that is any how suspected to exist, 
may be found out, independently of the general solution of the 
de come problem to which it belongs. Of these reasons, one is, that the 
ense, the Porism may perhaps admit of being investigated more easily 
than the general problem admits of being resolved; and ano- 
„ ois cher, is that the former, in almost every case, helps to discover 
t Porismiſ the simplest and most elegant solution that can be given of the 
h $0 mani latter. 
The truth of this last ober vation has been already exemplified 
the Tru I in two of the preceding problems, where the porismatic case, by 
y therefor determining the point K in the first, and L in the second of 
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them, became necessary to the general solution. In more diffi- 
cult problems, the same will be found to hold still more remark- 
ably, and this is evidently what Parrus had in view, when, 

in a passage already quoted he called Porisms, ** Collectio arti- 
ficiosessima multarum rerum quæ spectant ad analy sin difficili- 
otum et generalium problematum. On this account, it is de- 
sirable to have a method of investigating Porisms, which does 
not require, that we should have previously resolved the pro- 
blems they are connected with, and which may always serve to 
determine, whether to any given problem there be attached a 
Porism, or not. Dr. Siusox's analysis may be considered as 
answering to this description; for as that geometer did not regard 
these propositions at all in the light that is done here, nor in 
relation to their origin, an independent analysis of this kind, 
was the only one that could occur to him; and he has accord. 
ingly given one which is extremely ingenious, and by no means 
easy to be invented, but which he uses with great skilfulness and 
dexterity throughout the whole of his Restoration. 

It is not easy to ascertain whether this be the precise method 
used by the ancients. Dr. Suso N had here nothing to direct 
him but his genius, and has the full merit of the first inventor. 
It seems probable, however, that there is at least a great affinity 
between the methods, since the l/emmata given by PAPPUS as 
necessary to EUCL1D's demonstrations, are subseryient also to 
those of our modern geometer. 

21. I shall employ the same sort of analysis in the Poriam: 
that follow, at least till we come to treat of them algebraically, 

where a method of investigating these propositions will present 
itself, which is perhaps more simple and direct than any other. 
The following Porism is the first of Euclip's, and the firs: 
also that was restored. It is given here to exemplify the advan- 
tage which, in investigations of this kind, may be derived froz 


in 
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magnitudes increase ad infunftum ; into which state Dr. Stütsom 
probably did not think it safe to follow them; and was thereby 
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zuing Porisine to those extreme eaes, where the indeterminate. 


deprived of no inconsiderable help toward the Simplifying of his 
constructions. If therefore it can be shewn, that this ep i 
be obtained without any sacrifice of geometrical ace 
will be some improvement in this branch of the analysis. * 
The Porism just mentioned may be considered as having oe- 
curred in the solution of a problem. Suppose it were required; 
two points A and B, (Fig. 26, Pl. v.) and also three straight 


lines DE, FK, KL, being given in position, together with two 


points H and M, in two of these lines, to inflect from A and 
B to a point in the third line, two lines that shall cut off from 
KF and KL two segments, adjacent to the given points H .and 
M, having to one another the given ratio of a to 8. 

Now in order to find whether there be any Porism connected 
with this problem, zuppose that there i is, and that the following 
proposition is true. 


PROP. IV. PORISM. Fig. 26, Pl. v. 


22. Two points A and B, and two straight lines DE and FK, 
being given in position, and also a point H in one of them, a 
line LK may be found and also a point in it M, boch given in 
potition, such, that AE and BE, inſlected from the points A 
and B to any point whatsoever of the line DE, $hall cut off 
from the other lines FK and LK, segments, HG and MN, ad- 
jacent to the given points H and M, cet to one another * 
3 ratio of a to 3. 

First, let AE, BE' be inflectsd to ks point . E, 10 ht AE 
4 be parallel to FK, then shall E'B be parallel to KL, 


line to be found, For if it be not parallel to KL, the peine 2 


"oF =; 
Hnghoping ths law of etreminy in its utmost extent, - wid püt. | 
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their intersection must be at Aa finda distance from the point M, 
.and therefore making as 8 to a, so this distance to a fourth pro. 
portional, the distance from H, at which AE“ intersects FK, 
vill he equal to that fourth proportional, But AE” does not in. 


tersect FK, for they are parallel by construction; therefore N 


BE“, cannot intersect KL; KL is therefore parſe to BE 4 
line given in position. 90 
Again, let AE“, BE“ be inflected to E“, so that AE may 
pass through the given point H; then it is plain, that BE“ must 
pass through the point to be found M; ſor if not, it may be 
demonstrated, just as has been done above, that AE“ does not 
pass through H, contrary to the supposition. The point to be 
found is therefore i in the line EB, which is given in position. 
Now, if from E there be drawn EP parallel to AE,, and ES 
parallel to BE“, BS is to SE as BL to LN and AP to PE as AF 
to FG ; wherefore the ratio of FG to LN is compounded of the 
ratios of AF to BL, PE. to SE, and BS to AP. But the ratio 
of PE to SE is the same with that of AE! to BE], and the ratio 
of Bs to AP is the same with that of DB to DA, because DB 
is to BS as DE' to EE. Or as DA to AP. Therefore the ratio 
of FG to LN is compounded of the ratios of AP to BL, AE' 
to BE', and DB to DA. 
In like manner, because E“ is a point in the * DE, and 
AE”, BE“ are inflected to it, the ratio of FH to LM, is com- 
pounded of the same ratios of AF to BL, AE“ to BE” and DB 
to DA; and therefore the ratio of FH to LM is the same with 
that of FG to NL, and the same consequently with that 
of HG to MN. But the ratio of HG to MN is given, 
being by supposition that of à to 2; the ratio of FH to LM 
is therefore also given, and FH being given, LM is given in 
magnitude. Now, LM is parallel to BE/, a line given in posi- 
tien; therefore Mis in a ine QM, parallel to AB, and given 
in position. But the point M is also in another line BE” given 


- 
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in position; therefore the point M, and also the line KLM 
drawn through it parallel to BE', are cen in * unn 
were to be found. | ne m 3: 1605 Nn 

The construction is thus: Fr rom A draw AE“ parallel to FR; 
meeting DE, in E“; join BE“, and take in it BQ, so that as 


i 4 to B'80 HF to BY, and through Q draw M parallel to AB. 

Ile. HA be drawn, and produced till it meet DE-in El, and let 
may IBE“ be drawn meeting QM in M. Through M draw KML. 
must parallel to BE' ; then is KML the nn M = ee which 
y he were to be found. 


It is plain, that there are two lines adds in answer the 
conditions of the Porism ; for if in QB, produced on the other 
side of B there be taken By equal to BQ; and if n be dawn 
parallel to AB, intersecting MB in m; and if m be drawn 
parallel to B, the part un, cut off by EB produced, will be 
equal to MN, and have to HG the ratio required. 1 
It is plain also, that whatever be the ratio of « to g, and what- 
ever be the magnitude of FH, if the other things given remain 
the same, the lines found will be all parallel to BE/. But it the 
ratio of à to Þ remain the same like wise, and if only the point 
H vary, the position of KL will remain the same, and the 422k 
M will vary. | pls ei 217) 10 2 
23. This construction. from wich and; the foregoing ana- 
lysis, the synthetical demonstration follows readily; will be 
found to be more simple than Dr. StMSO 's, owing entirely to 
the, use that has been made of the law , continuity in the two 
extreme cases, where, according to the language of the modern 
analysis, HG becomes iufinite, in the one, and equal to nothing, 
in the other. Had it been affirmed, agreeably to that same 
language, chat in the first of those cases, because of the constant 
rat io of HG to MN, these lines must both become infinite at 
the same time, and in the second, that lor the same reason 
„ 
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they must both vanish at the same time, we might have been 
accused of departing from the strict form of reasoning employed 
in the ancient geometry. But when the thing is stated as above, 
and it is proved, that when AE does not meet KF, it is im- 
possible for BE! to meet ML; and again, that when E“ passes 
through H, it is impossible for BE” not to pass through M. the 
air of paradox is entirely removed; and the tracing of the law of 
continuity is tendered perfectly consistent * the ut most 
severity of geometrical demonstration. 8 

Dr. $1M$ON has applied this Purim very ddl to the 
solution of the same problem from which it is here supposed to 
be derived *; and it js gyorthy of remark, that supposing the 
points A and B, and the lines DE and FK to be as in the figure 
of this Porism, if the third of the given lines be not parallel to 
BE', that problem cah always be resolved, and admits of two 
solutions; but if it be parallel to BE', the problem either be- 
comes impossible, or a Porism; that is, it either nt of — 
solution, or af an infinite number. 

We shall soon have occasion to extend the same observation 
to other Porisms. | 

Another general remark which 1 have to ingke on the ana- 
lysis of Porisms is, that it frequently happens as in the last ex- 
ample, that the magnitudes required may all, or a part of them 
be found by considering the extreme cases; but for the discovery 
olf the relation between them, and the indefinite magnitudes or 
res Innumere, we must hays: recourse to the hypothesis of the 
Porism in its most general, or indefinite form, and must endea- 
your 80 to conduct the reasoning that the indefinite magnitudes 
chall at length wholly disappear, and leave a proposition con- 
taining only a relation of determinate magnitudes to one another, 
Now i in order to accomplish this, Dr. SIMSON frequeatly. em- 


„ Opens Reliqua, de Porimatibus, prop. 25. 
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ploys two tatemments of the general hypothesis, which he compares 
together; as for i instance. in his analysis of the las Porism, he as- 
sumes, not only E, any point whatsoever! in the line DE, but also 
another point O, any whatgoever in the same line, to boch of which 
he supposes lines to be inflected from the given points A and 
B. This double statement, however, cannot be made without 
rendering the investigation long and complicated; and therefore 
it may be of use to remark, that it is never necessary, but may 
always be avoided by an appeal to simpler Porisms, or to Loa, 
or to the propositions of the data; I shall give the following 
Porism as an example where this is done with some difficulty. 
but with considerable ad vantage, in regard to the simplicity and 
shortness of the investigation. | | 
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PRO P, V. PORISM. - Fig. 27, Pl. v. 44 


24. Let there be three straight lines AB, AC, CB given in 
position, and from any point whatsoever in ont of them, as D, 
let perpendiculars be drawn to the other two, as DF, DE; a 
point G may be found, such, that if GD be drawn from it to 
the point D, the square of that line shall have a given ratio to 
the sum of the squares of the perpendiculars DF and DE, 
which ratio is to be found. 

Draw from A and B che lines AH, BK at right 5 
to BC and CA, and divide AB in L so that AL may be to LB 
in the given ratio of the square AH to the square of 
BR, or which is the same, of the square of AC to the square of 
CB. The point L is therefore given; and if N bg taken so as 
to have 0 AL che same ratio that AB? has to AH?, N will 
he the given magnitude. Also since AH“: BK“ :: AL: LB, and 
AH* ; AB*;; AL: N, ex equo BK“: AB“ :: LB: N. From 


— 
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IL. da IO, ——— AC, Ke 
given in magnitude. ds. 


Now, because AB? : BK: Ab-; p-. N: 18 AD! : 


ora an pr. 'AD?, and "for the ane reason. 


Fi A L | I qi 
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| . _—_ AB 
N AD. +2 * .=. AL. * AL * 


Die, di, DE*+DF* =LO+LM +>. Fa in 


Join LG; chen by hypothesis, LO® + LM? bas to LG che 
same ratio which DF? 4+ DF? I» to DG?*; and if this ratio be 


that of R to N, LO* + LM* = N "LG" ; ond 9 DE* 


ane — Wing But DE + DF? = 


R * AB — R 2 
N A DG; 3 therefore ff „LG“ + N . DL FIR" DG 1 
* peer we 5 


The excess of the square of DG above the $quare of LG, 
bas therefore a constant ratio to the square of DL, iz. that of 
AB to-R. The angle DLG is therefore a right angle and the 
ratio of AB to R, the ratio of equality, otherwise LD would 
be given in magnitude, which is contrary to the supposition. 
The line LG 1s therefore given in position; and since R is to 
N, chat is, AB to N, as the squares of LO and LM to the square 
of, LG, therefore the square of LG, and consequently the line 
LG, is given in magnitude. The point G is therefore given, 
and also the ratio of the squares of DE and . the een 
of DG, which is the same with that of AB 10 N. 8 

Hence this construction: Divide AB in L, so that AL may. 
de to LB as the square of AH to the square of BK, and make 


INVESTIGATION Or 'PORISMS. 31 


as the square of AH to the square of AB, so AL to N; and, 
Jastly, having drawn from L upon AC and CB the perpendicu- 
lars LO and LM; make LG. perpendicular to AB, and 8ucb, 
that as AB to N, so the sum of the squares of LO and LM to 
the square of LG; G will be the point required, and the given 
ratio, which the squares on DF . * have to the square on 
DG. will be chat of AB to N. „97% 059715 
This is che construction rh follows mcettdiractly; from 
the analysis z but it may be rendered more simple. For since 
AH“: AB“: : AL: N, and BK. AB*:; BL: N; therefore AH 
+ BK AB? AB- N. +Likewise, if AG, BG be joined, 
AB: NV AH“ AG, and AB: N:: BK" O; wherefore 
AB: N;: AH? + BK“ AG ＋ BG, that is, AH? EBK; 
AB? 3; AHR BK? ACC ＋ BG, and AG*: 4 'GB* W.1 
AB? .,.. Theangle AGB is therefore a right angle, and AL.: LG 
LG: LB., If therefore: AB be divided in Ly as in the preced- 
ing construction; and if LG, a mean propurtionab between AL 


and LB, be placed at ſe dt 6998 AB, G will be the: n 
required. Ba 1 es: 

Cor. It is evident from the We 1 1 at the points 
A and B we suppose weights to be placed that are as'the-squares 
of che sines of the angles CAB, CBA, L will bethe centre of 
gravity of chese weights. For AL is to LB as AC to CB, or 
inverzely as the squares of the sines of the angles at A and B. 

25. Now, the step in this analysis by which a second intro- 
duction of the general hypothesis is avoided, is that in which 
the angle GL is concluded to be à right angle. This conclu- 
sion follows. from the excess of the square of DG above the 
square of GL. having a given ratio to the square of LD, at 
the same time that LD is of no determinate magnitudes For 
if possible, let GLD be dbtuse, C Fig. 28, Pl. v. and let the 
perpendicular from G upon AB meet AB in V, which point V 
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is therefore given. And since the execss of the square of DG 
above the square of LG is equal to the square of LD, together 
with twice the rectangle DLV, therefore by the supposition, the 
square of LD, together with twice the rectangle” DLV must 
have a given ratio to the square of LD; the ratio of the rect- 
angle DLV to the square of LD, chat is, of VL to LD, is 
therefore given, s0 that VL being given in magnitude, LD is 
also given. But this is contrary to the cuppotition, for LD is 
indefinite by hypothesis; and _—_— OLD Tannoy ve obtuse, 
nor any other than a right angle. — 

Tube tame conclusion ——— — ů 
indetermination of LD, would be deduced, according to Dr. 
Stuson's method, by assuming another point D“, any how, 
and from the supposition, that the excess of GD above GL, 
was to LD in the same ratio that the excess of GD® above GL? 
is to LDꝰ, it would follow without much difficulty, that GLD 
must be a right angle, and the given ratio, a ratio of equality. 
The method followed above is shorter and less intricate than this 
last, and has, I think, the advantage of discovering more plainly 
the spirit of the analysis, and the effect which the indefinite nature 
of the quantities, supposed indeterminate in the Porizm, has in 
ascertaining the relation, that must subsist between the W N 
tudes that are given, and those that are to be found. 

26. This Porism may be extended to any number of lines 
whatsoever, and may be thus enunciated: Let there be any 
number of straight lines given in position, and from any point 
in one of them, let perpendiculars be drawn to all the rest, 2 
point may he found suclx that the square of the line 
and the point from whack the tperpendieulars are drawn, Shall 
have to the zum of the squates of 9% at ape given 
ratio, We atis is. ee CUE). al .. 
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ne analysis of the Porism, When thus generalized, is too 
long to be given here . We must not, however; omit to take 
notice, that the point L, where the perpendicular from the point 
to be found meets the line, from which the perpendiculars are 
drawn to the rest, is in all cases determined by the rule suggested 
in the corollary. (C2 4.) For if at the points in which the said 
line is intersected by the others, there be placed weights pro- 
portional to the squares of the sines of the angles of i intersection, 
L will be the centre of gravity of these weights. 

27. These Porisms facilitate the solution of the general pro- 
blems from which they are derived. For if it were proposed, 
three straight lines AB, AC, BC being given in position, and 
also a point R, (Fig. 27; Pl. v.), to find a point D in one of 
the given lines AB, such, that the sum of the squares of the 
perpendiculars drawn from D to the other two lines, should 
have à given ratio to the square of DR, it is plain, that the 
finding of the point G in the Porism, would render the con- 
struction easy. For the squares of RD and GD, having each 
given ratios to the sum of the squares of the Perpendiculan 
drawn from D, have a given ratio to one another. 

The ratio of the lines, RD and GD themselves, is thereſore 
Anni, and the points Rand G being given, D is the circum 
ference of a circle given in position; and it is also in the straight 
line AB given in position; therefore it is given. The same 
holds, whatever be the number of lines given in position. 
© * This Porism, in the case considered above, vis. when there are three traight 
lines given in position, was Communicated to me several years ago, without any 
analysis or demonstration, by Dr. Txa1t, Prebendary of Lisburn in Ireland, 
who told me aleo, that he had met with it among some of Dr; S1IuSOx's papers, 
which had been put into his hands, at the time when the Posthumous Works of 
that Geometer were preparing for the press. The application of in to the zecond 
of the problems, (5 87.) W TAAII. 
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The same Porisms assist also in the solution of another pro. 
blem. For if it were proposed to find D, so that the sum of 
the squares of the perpendiculars drawn from it to AC, and 
CB. should be equal to a given square, this would be done by 
finding G; and then because the sum of the squares of the 
perpendieulars is given, and has a given ratio to the square of 
DG, D will be given, and consequently the point D. This 
is also true, Whatever be the number of the lines. 0 

28. The connection of the Porisms with the n caves 
of. these problems, is abundantly. evident; the point L being 
that from which, if perpendiculars be drawn to AC and CB, 
the sum of their squares is the least possible. For since (Fig. 27, 
Pl. v.) DF? ＋ DE; DG? : : LO® + LM“: LG!, and since 
LG is less chan D, LO“. * LM“ must be alen * + 
MES ana ow = 

RESTS 3 may be "ware 1 * if, perpen- 
Pit wu be drawn to the sides of the triangle ABC, the zum of 
the squares of these perpendiculars is less than the sum of the 
squares of che perpendiculars drawn to the sides of the 1 
from any other point. 

For if ab (Fig. 29, Pl: we any ling eu. to AB. 
and if it. be divided in A, so that a may be to ab in the dupli- 
cate ratio of aC to Cb, or of AC to CB, then of all the points 
in the line ab, Nis that from which, if perpendiculars be drawn 
to the hnes AC, CB, the sum of their squares is the- least pos- 
sible. But since ad is to Ab as the square of AC to the square 
of BC, that is, as AL to LB, therefore the locus of & is the 
straight line LC, joining the given points Land CG. 

The point to be found therefore, or that from which perpen- 
diculars being drawn to the sides of the figure, the sum of their 
squares is the least Possible. is in che straiglit line LC. 8 


Y 


INVESTIGATION OF FORTSMS. | 8 


pro. 
im of 
„ and 
ne by 
of. the 
are of 
This 


or let q be any point on either side of LC, and let the line ab - 
be dran through g parallel to AB, meeting LC in , then the 
zum of the squares of the perpendiculars from q upon AC; CB, 
is greater than the sum of the squares of the perpendiculars 
from & upon the same lines. Therefore adding the square of the 
perpendicular from g, or A, on AB, to both, the sum of the squares 
of the perpendiculars from , will be greater than the sum of the 
squares of the perpendiculars from X.. The point, therefore, 
which makes the sum of the squares of the perpendiculars drawn, 
from it, to the sides of the triangle ABC, a Minimum, is not 
on either side of the line LC; it is therel ne in the line LC. 

For the same reason, if AC be divided in L., so that AL? 
is to L'C as the square of Ag to the square of BC, and if BL 
be joined, the point to be found is in BL“. It is therefore in 
che weg Q where the lines CL and * imtemcet: one 

The ies 0. in any other "ES may be found RAT in the 
ame manner. Let ABC, for instance, (Fig. go, Pl. vi.) be 
a quadrilateral figure; let the opposite sides, AB and DC be 
produced till they meet in E. and let ab be drawn parallel to 
AB, meeting CE in e, and let x be the point in the line af from 
which perpendiculars are drawn to the three lines BC, CD, 
DA, so that the sum of their squares is less, than if they were 
drawn from any other point, in the same line; then if weights 
be placed at b, à and e, proportional to the squares of the sines 
of the angles Cha, la D, ae D, & is the centre of gravity of these 
weights. (5 26.) Nu, these weights having given ratios to 


len- one another, the locus of the point A, from the known'proper= 


pen - ties of the centre of gravity, is a straight line La, given in 
their position. The point to be found 38, therefore, in that line, For 
N the same reason, it is in another straight line LA“ also given 


in position; and therefore it is in Q. the point of their inter- 
section. | F 3 
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| There are many other remarkable properties of this point, 
which appear sometimes in the form of Porisms, and sometimes 
of theorems: Of the former, some curious instances will be 
found in Dr. SMALL's demonstrations of Dr. STEWART's 
"Theorems . Of the latter, I shall only add one, omitt ing the 
eee e which would lead into too long a digression. 
lf ͤ Q be the point in a triangle from which perpendiculars 
are drawn to the sides of the triangle, so that the sum of their 
squares is the least possible; twice the area of the triangle is a 
mean proportional between the sum of the squares of the sides 
of the triangle, and the sum of the $quares of the od pon 
aned perpendiculars.” e ' 

29. But to return to the subject of Poriems : It is evident 
from what has now appeared, that in some instances at least, 
there is a close connection between these propositipns and the 
maxima or minima, and, of consequence the impossible cases 

of problems. The nature of this connection requires to be fur- 


ther investigated, and is the more interesting, that the transition 


from the indefinite, to the impossible cases of a problem seems 


to be made with wonderful rapidity. Thus, in the first propo- 
sition, though there be not, properly speaking, an impossible 


case, but only one where the point to be found goes off ad inſini. 
tum, we may remark, that if the given point F be any where out 
of the line HD, the problem of drawing. GB equal to- GF is 
always possible, and admits just of one solution; but if F be 
in the line DH, the problem admits of no solution at all, the 
point being then at an infinite distance, and therefore impossible 
to be assigned. There is however this exception, that if the 
given point be at K, in the same line DH, determined by mak- 
a ing DK equal DL, then n Po in the line DE Feen A 
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tolution, and may be taken for the point G. Here therefore 


the case of innumerable solutions, and the case of no solution, 


are as it were conterminal, and 80 close to one another, that if 
the given point be at K, the problem is indefinite, but chat if it 
remoye ever 80 little from K, 649688 time in the 
line DH, the problem cannot be resolved. 

I had observed this remarkable affinity, between cases, which 
in other respects are diametrically opposite, in a great variety of 
instances, before I perceived the reason of it, and found, that 
by attending to the origin which has been usigned to Fan 
I ought to have discovered it a priori. e Þ:ris 

go. It is supposed above, that two of the conditions of a 
problem involve in them a third, and wherever that happens, the 
conclusion which has been deduced will invariably take place. 
But a Porism may sometimes be so simple, as to arise from the 
mere coincidence of one condition of a problem with another, 
though in no case whatever, any inconsistency can take place 
between them. Thus, in the second of the foregoing proposi- 
tions, the coincidence of the point given in the problem with 
another point, viz. the centre of gravity of the given tri- 
angle, renders the problem indeterminate ; but as there is no 
relation of distance, or position, between these points, that 
may not exist, so the problem has no impossible case belong- 
ing to it, There are, however, comparatively but few Porisms 
80 simple in their origin as this, or that arise from problems in 
which the conditions are so little complicated; for it usually 
happens, that a prohlem which can become indefinite, may also 
become impossible; and if so, the connection between these 


cases, which has been already explained, never fails to * 
place. 


91. Another species of e may frequently arise 
from the porismatic case of a problem, which will very much 
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aſſeet the application of geometry to astronomy; i the 
teiences of experiment, or observation. For when a+ problem 
is to be resolved by help of data furnished by experiment or 
observation, the first thing to be considered is, whether the data 
10 obtained, be sufficient for determining the thing sought; and 
in this a very erroneous judgment may be found; if we rest 
xatisfied, with a general view of the subject. For though the 
problem may in general be resolved from the data that we are 
provided with, yet these data may be 80 related to one another in 
the case before us, that the problem will become indeterminate, 
and instead of one solution, will admit of an infinite number. 
Suppose, for instance, that it were required to determine the 
position of a point F, (Fig. 25, Pl. v.) from knowing that it 
was situated in the circumference of a given circle ABC, and 
also from knowing the ratio of its distances from two given 
points E and D; it is certain, that in general these data would 
be sufficient for determing the situation of F: But nevertheless, 
if E and D should be so situated, that they were in the same 
straight line ith the centre of the given circle ; and if the rect- 
angle under their distances from that centre, were also equal to 
the square of the radius of the circle, then, as was shewn above, 
(4 12.) the position of F could not be determined. 
This particular instance may not indeed occur in any of the 
practical applications of geometry; but there is one of the same 


kind which has actually occurred in astronomy. And as the 


history of it is not a little singular, affording besides an excel. 
lent illustration of the nature of Porisms, I hope to be excused 


lor entering into the following detail concerning it. 


32. Six Isaac NEWrToN having demonstrated, that the 
trajectory of a comet is a parabola, reduced the actual determi- 
nation of the orbit of any particular comet, to the solution of a 
geometrical problem, depending on the properties of the para. 
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bola, but of such considerable difficulty, that it is necessaty to 
take the assistance of a more elementary problem, in order to 

find, at least nearly, the distance of the comet ſrom the earth, at 
the times when it was observed. The expedient for this pur- 
pose, suggested by NREwWTON himself, was to consider a small 
part of the comet's path as rectilineal, and described with an 
uniform motion, go that four observations of the comet being 
made at moderate intervals of time from one another, four 
straight lines would be determined, viz. the four lines joining 
the places of the earth and the comet, at the times of the gbger- 
vation, across which if 3 straight line were, drawn, 80 as to be 
cut by them into three points, in the same ratios with the inter- 
vals of time above-mentioned; the line $0 dran would nearly 
represent the comet's path, and by its intersection with the given 
lines, would determine, at least nearly, the distanoes of the 
comet from the earth, at the times of observation. 

Ihe geometrical problem here employed, of drawing a line to be 
divided by four other lines given in position, into parts having given 
ratios to one another, had been already resolved by Dr. WALLS 
and Sir CHRISTOPHER WREN, and to theirsolutions Sir Is a Ac 
Nxwro added three others of his own, in different parts of 
his works. Yet none of all these geometers observed that pecu- 
liarity in the problem which rendered it inapplicable to astrono- 
my. This was first done by M. Boscovick, but not till after 

man) trials, When, on its application to the motion of comets, - 
it had never led to any ſatisfactory result. The errors it pro- 
duced in some instances were so considerable, that ZANOTTI, 
seeking to determine by it the orbit of the comet of 1799, found, 
that his construction threw the comet on the side of the sun op- 
posite to that on which he had actually observed it. This gave 
occasion to Boscovich, some years afterwards, to examine the 


ro mention is made in it, of the indeterminate case. 
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different cases of the problem, and to remark that, in otic of 
them, it became indeterminate; arid that, by à curious coltici. 
dence, this happened in the only case which could be siippoged 
applicable to the astfonomical- problem above mentioned; in 
other words, he found, that in the state of the data, which must 
there always take place, innumerable lines might be drawn, that 
would be all cut in the same ratio, by the four lines given in 
position. This he demonstrated in a dissertation published at 


Rome in 1749, and since that time in the third volume of his 


Opuscula, A demonstration of it, by the zame author, is als0 
inserted at the end of CAsTILLOxN's Commentary on the Arith. 
metica Universalis, where it is deduced from a construction of 
the general problem, given by Mr. TnoMAS StmP$ON, at the 
end of his Elements of Geometry.“ The proposition, in Bos- 
covich's words, is this: Problema quo quæritur recta linen 
quæ quatuor rectas positione datas ita secet, ut tria ejus segmenta 


sint invium in ratione data, evadit aliquando indeterminatum, 


ita ut per quodvis punctum cujusvis ex us quatuor rectis duci 


err recta linea, quae ei conditoni faciat satis. ” 


It is needless, I believe, to remark, that the proposition thus 


entinciated i is a Porism, and that it was discovered by Bosco- 


VICH, in the same way, in which I have supposed Porisths to 
have been first diseovered by the geometers of antiquity. I shall 
add here a new analysis of it, conducted according to the method 
of the preceding examples, and ' which a TT lemma 


is aubservient. | VE ING 6", 


* Elements, p. 943, edit. 3. Siursow' solution is remarkably 2 but 


7 Jos. noscovicn Open, Bassani. tom 5 . 55. 
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"LEMMA 1. Eg 31, Pt. vi. 


ot + two W . A and BE. bee cut by three other 
4205 lines, AB, CD and EF given in position, and not all 
parallel to one another, into segments having, the same given 
ratio, they will intercept. between them segments of the lines 


given in position, vi. AB, CD, EF, which will also have given 
ratios to one anot her #, a 


a $34 7 x4 
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* ee A 2 bs had 50. both parallel 
10 AB, and let them meet BG, parallel to AE, in Ha d G. Let Gr and HD 
be joined ; and because AC is to CE, chat is, BH 10 NG as BD to DF; by 
hypothesis, DH is parallel to GF, and has also a given ratio to it, vi. the ratio 
of GB to BH, or of EA to AC, Take GK equal to HD, and join EK, and 
the triangſe ECK will be equal to the triangle CHD, and therefore the angle 
KEG i is given, and likewise the angle KEF; and since the ratio of GR to KF 
is given, if from K there be drawn KL parallel to EG, meeting EF in L, the 
ratio of EL to LF will be given. But the ratio of EL to LK is given, best 
the triangle ELK is given in species; therefore the ratio. of FL to FK i given; 
and the angle FI. K being alſo given, the triangle EKL. is given in species, as alto 
the triangle FGE. The angle FGE being therefore given, the triangle KGE is 
given in species, and EG has therefore given ratios to EK and EF, But EG is 
equal to AB, and EK to CD, therefore AB, CD, qnd EF have given ratzos to 
one another. Q. E. D. ; 

Hence to find the ratios of AB, CD and EF; in EF ' ke any part 'EL, and 
make as AC is to CE, so EL to LF; through L draw LK paralle} to EG or 
AB, meeting EK, drawn through E parallel to CD in K. then if FK be drawn 
meeting EG in G, the: ratios required are the same with the ratios of aa 
EG, EK, EF, This is evident from the preceding investigation. 

If it be required to find the position of the line AE, drawn through . A 
to be cut by CD and EF in a given ratio; draw. Ac, any how, cutting DC in c 
and produce Ac to e, 80 that Ac may be to ce in che ratio which AC is to haye to 
CE; Wee A and if AE ene 
nem | | RB. „ e 
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different cases of the problem, and to remark that, in otie of 
them, it became indeterminate; arid that, by a curious Eolrici- 
"dence, this happened in the only case which could be süupposel 
applicable to the 'astfonomical- problem above mentioned; ih 
other words, he found, that in the state of the data, which mutt 
there always take place, innumerable lines might be drawn, that 
would be all cut in the same ratio, by the four lines given in 
position. This he demonstrated in a dissertation published at 
Rome in 1749, and since that time in the third volume of his 
Opuscula, A demonstration of it, by the zame author, is als0 
inserted at the end of CAs TIL LON“ Commentary on the Arith- 
metica Universalis, where it is deduced from a construction of 
the general problem, given by Mr. TnouAS StMSsOM, at the 
end of his Elements of Geometry.“ The proposition, in Bos- 
covich's words, is this : & Problema quo quæritur recta linea 
quæ quatuor rectas positione datas ita secet, ut tria ejus zegmenta 
sint invium in ratione data, evadit aliquando indeterminatum, 
ita ut per quodvis punctum cujusvis ex us quatuor rectis quei 
Postit recta linea, quae ei conditoni faciat satis. “ 

It is needless, I believe, to remark, chat the proposition thus 
enunciated is a Porism, and that it was discovered by Bosco- 
VICK, in the same way, in which I have supposed Poristns to 
have been first diseovered by the geometers of antiquity. I shall 
add here a new analysis of it, conducted according to the method 
of the preceding ay; ro and to which = e lemma 
is subservient. FE 


- Elements, p. 943, edit 8˙ Siurso 's wluũion is remarkably elegant, - but 
vo mention is made in it, of the indeterminate case. 
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ot two mtraight "06 A 15 BE. be e cut by Wee other 
ag lines, AB, CD and EF- given in position, and not t 


given in position, viz. AB, CD, EF, 7 will also have given 
ratios to one another? . 
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eee —Through C and E draw CH and EG, both parallel 
to AB, and let them meet BG, parallel to AE, in Ha d G. Let GF and HD 
be joined ; and because AC is to CE, chat is, BHO HG as BD to DF, by 
hypothesis, DH is parallel to GF, and has also a given ratio to it, b. the ratio 
of GB to BH, or of EA to AC, Take GK equal to HD, and join EK, and 
the triangle ECK will be equal to the triangle CHD, and therefore the angle 
KEG is given, and likewise the angle KEF; and since the ratio of GK to KF 
is given, if from K chere be drawn KL parallel to EG, meeting EF in L, bor 
ratio of EL to LF will be given. But the ratio of EL to LK is given, because 
che triangle ELK is given in species; therefore the ratio.bf FL to FK is owt 
and the angle FLK being alſo given, the triangle FK is given in species, as al! 
the triangle FGE. The angle FGE being therefore given, the triangle KGE is 
given in species, and EG has therefore given ratios to EK and EF, But EG is 
equal to AB, and EK to CD, therefore AB, CD 90d BY havy given ratjos to 
one another. O. E. DP). 

Hence to find the ratios of AB, c and EF; in EF e any ert EL, "hl 

make as AC is to CE, so EL to LF; through L draw LK parallel to EG or 
AB, mecting EK, drawn through E parallel to CD in K. then if FK be drawn 
meeting EG in G, ihe ratios required are, the same with the ratios of oe 
EG, EK, EF. This is evident from the preceding investigation. 

If it be required to find the position of the line AE, drawn through A on 
to be cut by CD and EF in a given ratio; draw Ac, any how, cutting DC in c 
and produce Ac to e, 80 that Ac may be to ce in the ratio which AC is to haye to 
CE; abs pedbets Br, e IN: and if AE, he joined: 
meme | $5497 108; $2 n ; 
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33- Three straight lines being given i in position, a fourth line, 
als given in position, may be found, such, that through any 

int whatever a straight line may be dawn. which will inter- 
seet these four lines, and will be divided by them into Mee 
segments. having given ratios to one another, 

Let AB, CD, EF be the three lines given in posſlisg, and 
OL the line to be found, and ad a given line, of which the beg 
ments 48, Bx, (OM have given ratios to one another, eee, 

Let A be ua given point in the line AB, and suppose, that 
A is drawh from it, intersecting the lines CD, EF. and OL 
in the points C, E and O, and divided at these points into the 
segments AC, CE, EO, having the same ratios to one another, 
with the given segments 48, Bx, 15 of the Une 29. Then, be- 


— ft 


cause -the lines CD, EF are given in position, and als the point 
A, the line AB is given in poxition, ang, nude, (4 ga.) and 
therefore also EO, in has a given ratio to ak; "We 19 51 
Oi is therefore given, 

Again, let B be any point ae in „ AB, aki let BL be 
dra according to the hy pothesis of the Porism, 80 as to be 
divided in the points D. F and L., where it intersects the lines 
CD, EF and OL into che parts, BD, DF and Ep ving * 
en ee add PYs 75. | | ; rr 

Sikhs he G4 m2 Wide 3 ly baseusbe Viz. tak 1. AE 7 
BF be two lines that are cut proportionally by the three lines AB, CD, EF; 
and if AB and EF, the parts of any twp' of these last, intercepted between 
AE and BF; be also/cuit proportionally, any how, in b and f; and'if E be joined, 
meeting the third line in u, 7 will be cut in the same proportion with AE or 
BF. For if not, let / be drawn from þ, meeting CD in d, and EF in A, 20 that 
td': d/ :: AC: CE; then by the len ma, ab : AB:: E EF; and by ſup- 
position, a5 AB; : Bf: EF; 3 therefore E = Ef, which is impossible, 
Therefore, &c. f . 
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Let ao 50 be drawn equal and parallel to AE, and let EG 
be joined; EO will therefore be parallel to AB, and will be 
given in position; and if GF be drawn, it will make given 
angles with EO and EF, because, by the preceding lemma, the 
ratio of AB: to EF; that is, of EG to EF is given. 208 
L dra LN parallel to BG, meeting GF produced in N. 

Then because the triangles BFG, LFN are similar, orte 
EN as BF to FL, that is, in a given ratio and therefore; since FO 
also makes given angles with the two straight lines EG and EF, 
given in position, the point N is in a straight __ (che in 
214 "Wth and passing through E, viz. EN. | 

Now, since BF is to FL as BOG to LN, and also as AE or 
BG to EO, LN and EO are equal, and being also parallel, OI. 
is parallel to EN, that is, to a line given in position; and the 
point O, in OL, is given, therefore OL is given in 1 position: 
which was to be found. 

Conttruction. From any two given N and B. in the 
line AB, draw AE and B'F' intersecting CD and EF in C, E, 
D/ and F, so that AC may be to CE, and 'B'D' to D'F' in 
the same given ratio of ag to By, (G 32.) Produce also AE to 
O, and B/F' to L/, so that AE may be to EO, and B'F' to FL 
in the same given ratio of wy 14/468] If OL be n * wil 
be the line required. 

For let B' be any point chanssever in AB, and as Ab to 
AB, so let OL be to OL, and let BL be drawn, cutting CD., 
and E/ in D and F, the line BL is divided in these points, 
similarly to the given line ad. For since: the two lines AO and 
BL are divided similarly by the three lines AB, CD/ and OL, 


and since two of these last, AB“ and OL, are also divided 


similarly to one another by the three lines AO, B'L' and BL,. 

BL will be divided in D, in the same ratio wherein BLU i is 

divided in D', or AO in C, (Lem. I. Conv.). In the . 
| 8 2 
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40 and BL, be drawn any how, and if straight lines AB, CD, 
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way, BL is divided in F, in the same ratio wherein A0 is 

divided in E; BL is therefore Similarly divided to Lou or to 

20, Which was to be demonstrated. 1120 2 
934. Hence it is plain, If two ainiitarly divided Mg 


EF, OL; be/drawn through the points of division of these lines, 
innumerable; lines may be placed between the lines AB, CD, 
EF and OL, which will be divided by them, similarly to the 
lines AO, and BL.“ For, by what is here demonstrated, every 
line which cuts any two of the lines AB, CD, &c. proportion- 
ally, will also cut the others, proportionally, and will be eut 
by them into segments having the same ratio to one e wh 
the segments of the lines AO and B. 
From this it follows, that the astronomical ble . 
mentioned, becomes a Porism, and is indeterminate, in the case 
when the observations of the comet are not very distant from 
one another. For on this supposition, the arches described by 
the earth and by the comet during the time in Which the obser- 
vations are made, will not differ much from two straight lines; 
and; these lines will be divided similarly to one another, be- 
cause each of them will be divided into parts, proportional to 
the intervals of time between the observations. The places of 
the earth, at the times of the observations, may therefore: be 
nearly represented by the points A, C, E and O, in the straight 
line AO, and those of the comet by the points B, D, F and L. 
in the straight line BL, these lines AO and BL. being divided 
both into parts having the same ratios. The position of BL 
therefore is not given, since, by the Porism, it may be any line 
e Fine: cuts the, two lines, AB and n in à certain 
ratio ov e 0 0 tin 
It is * ** to _ 3 Kr in 1 Geng to noun this, or any 
other geometrical problem, of no use in questions where the 
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data are furnighed-by observation, and ate consequently liable to 
come" inaCcuracy, it is' not necessary, that the problem should 
be reduced exactly to the / porismatic” cave ; for even on a near 
approach to that case, 'a" very small error in the data will pro- 


duce 80 great an errot in the nen that no dependence 
can be had bpon'its accuracy, ut ors . 


This will be made evident in the peda instance, by consider- 


ing how the construction of the Porism bal subservient to the solu- 
tion of che other cases of the problem. Suppose that four lines, 
A OD, EF, RS, (Fig. ga, Pl. vi.) are given in position, and 
that it is required to dra a straight line that shall be divided by 


these lines into parts having the ratios of the given lines eB, 


By, v3. Let KT' be that line, and assuming the points A and BY, 
and drawing the lines AO, B'L', so that, they may be similarly 
divided to the line #3, as in the construction of the Porism, then 
i& OL be joined, it will be given in position, and the extremity 
K, of the line KT, will be in the line OL; by the Porism; but 
it is also in the line KS; it is therefore given. Now, by the 
lemma, AT is to IB“ as OK to KL, and the lines OK and 
KL' being given, the ratio of AT to TB/ is given, so that T is 
given, and therefore TK is given in position. . E. J. 
Now, it is evident, that if RS make a small angle with OL, 

any error in the determination of that angle will make a great 
variation in the position of the point K. A small change in it 
may, for instance, make RS parallel to OL, and consequently 
will throw off K, to an infinite distance, 80 that the line, which 
is sought, will be impossible to be found: and in general, the 


variation of the position of K. corresponding to a given varia- 
tion in che angle RK O, will be cateris peribus, inversely as the 


square of the sine of that angle. The nearer, therefore, that 
the problem is to the Porism, the less is the solution of it to be 
depended on, and the more does it partake of the indefinite cha- 
racter of the latter. 
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95. Sir I8sAac NEwTON has extended the hypothesis of tlie 
problem from which the preceding Porism is derived. and has 
formed ſrom it one more general, which he has. also resolved 
with a view to its application in astronomy. It is this: “ To 
describe a quadrilateral, given in species, that shall ha ve its 
angles upon four straight lines given in position ! 1 

As i 1s evident, that the former problem is but a particular 
case of this last, it is natural to expect, that a Porism is also to 
be derived from it, or that the lines given in position may be 
such, that the problem will become indeterminate, On n 
ing the analysis, I have 4ccordingly found this conjecture. veri- 
fied: the investigation depending on a lemma, similar to that 


which is prefixed to the preceding proposition. 
LEMMA II. Fig. 33, Pl. vi. 


is two triangles ABC, "DEF, din to a given ane be 
placed with their angles on three straight lines given in position, 
so that the equal angles in both the triangles may be upon the 
same straight lines, the ratios of the segments of these straight 
lines, intercepted between the t two ates that ts, oF AD, BE 
f N nes: 


* Prin. Math. lib. i. lem. 27. 2 oe” 755 ; 0 V. 


+ Dzx0x5TRATION.—Complete. the e 0 AC and AD, 
viz. AG, and on DG describe the triangle DGH, similar and equal to ABC. 
Join FG,” BH and HE. | Through G abe, draw GK, equal and parallel zo HE, 
and join CK; CK will be equal and parallel to BE, and the triangle CGK equal 
10 the triangle NIE. The angle GCK is therefore given, being equal” U the 

—— ͤ K e 
_ the angles. FDG, EDS we likewign ee and aloe by wen FD 
being to DE as GD to DH, FD is to DG a3 DE w DH, The angle FGD is 
| therefore equal to the angle EHD, NA Arnaud 
PDE, or as GD to DH. | e | 
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oY Three $traight lines being given in position, a fourth may 
be found, which will also be given in poxition, and will be such, 
that jnnumerable quadrilaterals, similar to the same given qua- 
drilateral, may be described, having their angles placed, in che 
same order, on the four straight lines given in position. 2 

Let AD, BE, CF be the three straight lines given in position, 
and able a given quadrilateral. Let A be a given point in the 


But if GL be drawn parallel to HD, the angle KGL will be equal to the angle 
EHD, that is, to the avgle FG, and therefore. the angle KGF to the angle 
LGD or GDH ; and it has been shewn, that FG is to GK as GD to DH; 
therefore the triangle FGK is similar to the triangle aH. and is given in 
ſpecies. | 
"Draw GM perpendicular to CF, and GN 0 the angle MGN equal to 
the angle FGK or GDH, and let GM be to GN in the given ratio of FG to 
be GK, or of GD to DH. join CN and NK. Then, because MG: GN :: FG 
ion, : GK; MG: FG :: GN: GK; and the angle MGF being equal NGK, che 
the angles Mr, NOK are similar, and therefore GNK is a right angle. But 
ange the ratio of MG to GN is given, and also of MG to GC, che triangle 


br GCM being given in species, the ratio of GC to GN is given, and CGN being 
BE also a given angle, because each of the angles CGM, MGN is given, the triangle 
Oh: CGN is given in species, and congequently the ratio of CG to CN js given, 
£ The angle NCK is therefore given ; and the angle CNK 18 likewise given, each 
N of the angles CNG, GN K being given, therefore the triangle CN K is also given 


AD, in species- The ratio of CN io CK is therefore given, and since the ratio of CN 


BC. to CG is also given, the ratio of CG to CK is given, and the triangle CGK 


HE, given in species. The angle KG is therefore given, and the angle KG being 
qual also given, the angle CGF is given, and consequently the ratio of CG to CF. 
5 the The ratios of the lines CG, 'CK and CF to one another, that is of AD, BE and 
. TS ate therefore given. Q. E. 0). 

Cor. Hence also it appears, how a triangle given in species may be described, 
having its angles on three: straight lines given in position, and one of the angles at 
a given point in one of, the lines. The solution of this problem is therefore taken 
for granted, in the analysis of the Forums though, for the sake of þrevity, the 
construction is omitted, 
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line AD, and let ABLC be/a-quidrilateral, similar to the given 
quadrilateral able, placed, $0 ma the angles of the triangle ABC, 


Similar to the given triangle abc, may be, one of them, at * 
give en point A, and the other two, on the lines BE and CF. 


points B and C, and the triangle ABC, * will therefore be os 
{Lemma 2. Cor. ) and consequentiy the triapgle CBL will als 
be given | in position and, magnitude. and the. point L will be 
given, The line to be found must pass through L ; let it be 
LM; let M be any point in it whatsoever, and let MEDF be a 
quadrilateral similar to the given :quadyilateral able, having its 
angles on the four lines LM. CF, BE and Ant ue angle at M 
_ equal to the angle CEB, &ö“ . 

Complete che parallelogram AG, e "oy AD, and on 
DG describe the quairilateral GDHN, Similar, and equal tc to the 
quadrilateral ABLC; Join BH and, IN, and. it is evident, tha 
the three lines CG, BH and LN * all equal, and parallel to 
AD, and are all given in — n aleo AL, DN, DM, 

Because the two ee DEMr. DHNG are nile 
the angle FDM is equal to the angle 'GDN, and therefore the 
angles GDF- to the angle ND M. For the same reason also, 
GD : DF: ND: DM, and therefore the triangles GDF, ND 
are similar, and the angle FCD equal to the angle MN D, and 


F G: MN: : GD DN, so that FG has a given ratio to MN. 


But because the triangles ABC, DEF ark similar, CG has 2 
given ratio to CF, 1 Lem. 2 -} 50 that the ingle GCF being given, 
the triangle CGE 1 1s given in species, and F G, has, to GC a 
given ratio; now, FG was also she wn to have to. MN a given 
ratio; therefore MN has a given ratio to CG, that is, to LN. 

Again, since the triangle CG F is given in eren the angle 
CGF is given, and CG being also a given angle, the angle 
FGD is given, and therefore MND, which is equal to it. But 
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